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We describe the electrothermal transport in metallic carbon nanotubes �m-CNTs� by a semiclassical ap-
proach that takes into account the high-field dynamical interdependence between charge carrier and phonon
populations. Our model is based on the self-consistent solution of the Boltzmann transport equation and the
heat equation mediated by a phonon rate equation that accounts for the onset of nonequilibrium �optical�
phonons in the high-field regime. Given the metallic nature of the nanostructures, a key ingredient of the model
is the assumption of local thermalization of charge carriers. Our theory remarkably reproduces the room-
temperature electrical characteristics of m-CNTs on substrate and free standing �suspended�, shedding light on
charge-heat transport in these one-dimensional nanostructures. In particular, the negative differential resistance
observed in suspended m-CNTs under electric stress is attributed to inhomogeneous field profile induced by
self-heating rather than the presence of hot phonons.
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I. INTRODUCTION

Since their discovery,1 carbon nanotubes �CNTs� have
been subject of intense research for both scientific interest
and technological purpose. Their thermal, mechanical, and
electrical properties2 make them prominent candidates for
broad range of applications in nanotechnology.3 The
electronic structure of these one-dimensional �1D� macro-
molecules exhibits semiconducting or metallic �m� features
depending on their chirality.4 The latter have been proposed
for interconnect applications because they can support
currents densities larger than copper without suffering
electromigration.5,6 Recent experiments on individual
m-CNTs in the high-field regime7–11 have revealed strong
nonlinear transport characteristics, such as current saturation
and negative differential resistance �NDR�, which have been
attributed to the emergence of optical phonon �OP� popula-
tions out of equilibrium �hot phonons�.10,12 Additionally, the
large electrical power dissipated in the high-bias regime have
fostered further studies of the electrothermal transport in
these structures.13–18 As a consequence numbers of theoreti-
cal and experimental works have attempted to quantify both
the electron-phonon �e-p� and phonon-phonon �p-p� coupling
interactions in m-CNTs.19–22

Prominent among the theoretical approaches for investi-
gating high-field transport in m-CNTs at room temperature
are the Boltzmann transport equation �BTE�,23,24 Monte
Carlo simulations,9 Landauer-Buttiker formalism10 based on
the Fermi golden’s rule12 that successfully described trans-
port in nanoscale semiconductors. However one of the major
drawbacks of these approaches is the absence of electron-
electron �e-e� interaction, despite the metallic character of
the system, and the contribution of the charge carriers to
thermal transport. In this work, which is applicable to any
metallic 1D system, we describe the system dynamics as the
interplay between carrier, acoustic phonon �AP�, and OP
populations. Our self-consistent approach describing electro-

thermal transport accounts for the onset of phonon and car-
rier populations out of equilibrium and provides a compre-
hensive picture of the carrier flow and heat exchange in the
nanostructures. Our model is in excellent agreement with
experiments on individual m-CNTs in both substrate sup-
ported �SS� and free-standing �FS� configuration at room
temperature.

II. MODEL

We describe the high-field transport in m-CNTs by ac-
counting for both electric and thermal transport through the
1D structure. While the former originates from the charge-
carrier populations only, both electron and phonon popula-
tions contribute to heat transfer in a conjugated manner.

A. Electric and energy flow

In small diameter m-CNTs, the higher conduction and
lower valence subbands lie far above or below the Fermi
level so that the charge flow arises solely from the contribu-
tion of the conducting bands crossing the Fermi level �here
taken as the zero-energy level�, which are well described by
a linear E−k dispersion,

E��k� = � �vFk , �1�

where vF is the Fermi velocity �vF�8�107 cm /s in CNTs�
�Ref. 4� and the +�−� sign corresponds to the forward �back-
ward� carrier branches. Each of these branches has a degen-
eracy 2gc �where the factor of 2 indicates the spin degen-
eracy and gc=2 for m-CNTs�. Due to the efficient
intrabranch e-e interaction25 carrier populations are thermal-
ized and described by Fermi-Dirac distribution functions. In
the presence of an external electric field F, the local quasi-
Fermi levels of forward and backward populations separate
��+��−�, and the carrier distributions in each branch are not
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necessarily in local thermal equilibrium with each other
�T+�x��T−�x��, as illustrated in Fig. 1. The electric current in
m-CNTs reads23

I = gcG0
��+ − �−�

e
, �2�

where e is the electron charge and G0=e2 / ���� is the quan-
tum conductance. Here we point out that the quasi-Fermi-
level difference does not necessarily coincide with the drain-
source voltage, i.e., ��+−�−�� �eVds�, where the equality
only holds in the absence of back scattering. In other words
carriers injected from the contacts are immediately thermal-
ized by the effective e-e interaction. Hence, even if eVds is
larger than the separation between subbands, contribution of
conducting subbands can be neglected provided that the local
quasi-Fermi levels in each branch lie far away from the
upper or lower subband ��Es−���	kBT��, as illustrated in
Fig. 1. We also recognize that quasi-Fermi levels ���x� are
position dependent but their difference remains constant for
current conservation.23

Our model neglects the presence of a band gap arising due
to a Mott insulating behavior observed in m-CNTs.17,26 The
characteristic energy gap for typical m-CNTs is on the order
of room-temperature fluctuations corresponding to a current
level of the order of 4 �A in Eq. �2�. The high-field regime,
which is the main focus of this work, corresponds to large
quasi-Fermi-level separation and/or thermal broadening of
the carrier distribution for which the linear bands represent a
good depiction of the electronic structure.

In this metallic system, the distribution function f��E ,x�
for each branch obeys the stationary BTE expressed as

�vF��xf��E,x� + eF�Ef��E,x�� = �t f��coll, �3�

after using the linear dispersion �Eq. �1��. Here, x denotes the
position along the m-CNT and the right-hand side of the
equation is the collision integral. The local temperatures and
quasi-Fermi levels of the thermalized distributions can be
determined using the method of moments �from here on we
omit the variable x for sake of brevity�. We have recently
shown that the electric field F and carrier temperature T�

profiles fulfill the relations25

− eF = �
��

gc
F0,�

coll �4�

and

�
gc�kB

2T�

3�
�xT� 


IF

2
= F1,�

coll , �5�

respectively. The absence of thermal gradients in Eq. �4� as-
serts the lack of thermoelectric power in 1D systems with
linear dispersion.25 In Eqs. �4� and �5�, kB is the Boltzmann
constant and

Fm,�
coll =

gc

��vF
�

−�

�

�t f��coll�E − ��mdE �6�

is the mth moment of the collision integral accounting for
carrier scattering. We express the boundary conditions for
T��x� in terms of the transmission coefficient through the
contacts t, such that

T�
2 �
L/2� = tT0

2 + �1 − t�T

2 �
L/2� , �7�

where T0 is the temperature at the contacts. The value of t
ranges between 0 and 1. The latter corresponds to perfect
contacts that inject carriers from the leads without any reflec-
tion. After obtaining the F profile �Eq. �4��, the net drain-
source bias is computed as

Vds = IRc + �
−L/2

L/2

F�x�dx , �8�

where Rc is the contact resistance which in the case of per-
fect contacts is 1 / �gcG0�.27

B. Electron-phonon interaction

The main contribution to the collision integrals �Eq. �6��
in m-CNTs, other than e-e interaction that thermalizes the
branch distributions, is scattering with lattice vibrations
�phonons�. The collision integrals read

�t f����,
−in = Rem,

��,� f����+
��1 − f��E��

− Rab,

�,�� f��E��1 − f����−
�� , �9�

�t f����,
−out = Rem,

�,�� f��E��1 − f����−
��

− Rab,

��,� f����+
��1 − f��E�� , �10�

where ��
=E���
 and Rem,

�,�� �Rab,


�,��� denotes the emission
�absorption� scattering rate for the 
 phonon. Equation �9�
�Eq. �10�� is the collision integral for 
 phonons where the
emission process scatters an electron from the carrier branch
�� ��� to the carrier branch � ����. The rates in Eqs. �9� and
�10� have different functional forms depending on the pho-
non branch involved in individual scattering events. The total
contribution to carrier scattering with phonons is

�t f��ph = �

,��

�t f����,
−in − �

�,��

�t f����,
�−out. �11�

x/L
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FIG. 1. �Color online� �a� Schematics of the forward and back-
ward quasi-Fermi-level profiles as a function of the distance along
the m-CNT. �b� Forward and backward distribution functions at
position x=x0. �c� Band structure at x=x0. Contributions of upper
and lower subbands are neglected as they lie far from the active
scattering area �shaded region�.
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For any given phonon wave vector q and energy ��
�q�,
the initial and final carrier wave vectors are determined by
using momentum and energy conservation during collision.
For instance with the Fermi energy located at the Dirac point
�k=0 in Eq. �1��, the conservation relations are written as

k = k� � q , �12�

E��k� = E���k�� � ��
�q� , �13�

where the + �−� sign denotes phonon emission �absorption�
process from the k state in the branch � to the k� state in the
branch ��. In our model we consider AP scattering that
dominates transport in the low-bias regime and scattering
with high energy zone-boundary �ZB� and OPs that induces
the electric transport nonlinearities in high field. The differ-
ent mechanisms are depicted in Fig. 2.

The AP populations are considered to be in thermal equi-
librium with the lattice as their energies are smaller than
thermal fluctuations at room temperature. In addition, we
assume that carrier collisions with APs are elastic �i.e., no
energy is exchanged with the lattice but only between carrier
populations� due to the small ratio between the sound and
Fermi velocity �vs /vF�1 /40�. Under these assumptions, the
AP contribution to the collision integral vanishes when the
initial and final states have the same Fermi velocity sign, and
emission and absorption rates become equal. Therefore, the
collision integral due to interbranch AP scattering is given by

�t f��AP = �
��

RAP�f
�E� − f��E�� �14�

with RAP= �ZA
2kBT� / ��Mvs

2�2vF� by using the deformation-
potential approximation where T=T�x� is the local lattice
temperature, �M is the linear mass density, and ZA	5 eV.8

The first two moments of the collision integral for AP scat-
tering read25

F0,�
AP = −

gc��+ − �−�
��vF

�
��

RAP
�� , �15�

F1,�
AP = 


gc�kB
2

6�vF
�T+

2 − T−
2��

��

RAP
�� . �16�

Here we point out that any elastic backscattering, e.g., scat-
tering with impurities, would have given similar expressions
with their specific rates, provided that the latter do not de-
pend on carrier energies.

The OP emission and absorption scattering rates are writ-
ten as

Rem,

�,�� =

N
�q� + 1

�

ep �17�

and

Rab,

�,�� =

N
�q�
�


ep , �18�

respectively. In Eqs. �17� and �18�, �

ep and N
�q� are the bare

relaxation time and the occupation number for the 
 phonon,
respectively. The experimental estimate for the former pa-
rameters is about 30 fs �Refs. 8 and 9� and is an order of
magnitude smaller than those values obtained by first-
principle calculations.19 We distinguish between interbranch
������ and intrabranch ��=��� OP scattering, as depicted
in Fig. 2 and consider two interbranch �ZB and OP1� and one
intrabranch �OP2� phonon modes interacting with carriers in
m-CNTs.24 Their energies are assumed to be constant and
given by ��ZB=0.16 eV �ZB phonon� and ��OP1

=��OP2
=0.20 eV �interbranch and intrabranch OP�, respectively.

If the OPs are in thermal equilibrium with the lattice,
N
�q�=Neq=1 / 
exp���
�q� /kBT�−1� as given by the Bose-
Einstein distribution. Otherwise, the occupation number
N
�q� depends on the local temperatures of carriers and lat-
tice as well as the current level. At steady state, the occupa-
tion number of the 
 phonon is obtained by using the fol-
lowing rate equation:

�tN
�q��

ep + �tN
�q��


pp = 0. �19�

In Eq. �19� we neglect phonon diffusion because of the small
OP group velocity. The first term in Eq. �19� accounts for the
generation/annihilation of OP due to e-p scattering and is
given by

�tN
�q��

ep = Rem,


�,�� f���+
��1 − f���E��

− Rab,

��,� f���E��1 − f���−
�� , �20�

where E is determined by using Eqs. �12� and �13�. The
second term in Eq. �19� describes the decay of OPs into APs
and is expressed as

�tN
�q��

pp = −

1

�

pp �N
�q� − Neq� , �21�

where OP decay time �

pp has been estimated to be 1–7 ps

from Raman studies in m-CNTs.20,28,29 In addition, decay
times have been found to vary as the inverse of T.21,28

For intrabranch ��=��� OP scattering, the phonon wave
vectors are q= ��OP2

/vF, independently of the initial or fi-
nal states. The moments of the collision integral become

F0,�
OP2 = 0, �22�

(a) (b) (c)

FIG. 2. Phonon scattering mechanisms: �a� interbranch AP, �b�
interbranch OP, and �c� intrabranch OP.
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F1,�
OP2 =

gc
2���OP2

�2

��vF�OP2

�� NOP2
�q� + 1

exp
��OP2

kBT�

� − 1

−
NOP2

�q�

exp
−
��OP2

kBT�

� − 1� .

�23�

For interbranch scattering with ZB and OP1 modes, the pho-
non wave vector q depends on the initial and final electron
states. Consequently, N
�q� is obtained from Eq. �19� and
depends on the carrier and lattice temperatures as well as the
quasi-Fermi-level separation �current�. For �


pp�0 and T+
�T−, the moments of the collision integrals �Eq. �6�� for
interbranch OP scattering do not have an analytical expres-
sion and are obtained numerically. In the Appendix, we de-
rive the expressions for the moments of the collision integral
corresponding to interbranch scattering with OPs when �


pp

=0 and T+=T−.

C. Electron-phonon heat exchange

Combining the first moment equation for forward and
backward carrier populations �Eq. �5��, the heat production/
dissipation satisfies

q̇el + q̇lat = IF � q̇ , �24�

where

q̇el �
gc�kB

2T+

3�
�xT+ −

gc�kB
2T−

3�
�xT− �25�

is the amount of heat carried by the electrons and

q̇lat �
1

2�
�


�

−�

�

��
�q��tN
�q��

epdq �26�

is the amount of energy removed from the carriers for the OP
populations. In addition, since heat transport is neglected in
Eq. �21�, q̇lat denotes the rate �per unit length� of energy
transferred to the lattice �APs� by OP decays. This value
determines the local lattice heating and depends on the cur-
rent and the carrier and lattice temperatures. We assume that
lattice �AP� heat transport is diffusive and follows the Fou-
rier’s law for which the heat equation reads

q̇ap + q̇sub = q̇lat. �27�

The first term on the left-hand side of Eq. �27� accounts for
the heat carried by the AP population,

q̇ap � − A�x���T��xT� . �28�

The factor A=�dt is the cross-sectional area, where d and
t�0.34 nm are the diameter and the thickness of the CNT,
respectively. The lattice thermal conductivity ��T� is given
by ��T�=�0T0 /T due to the Umklapp phonon-phonon
scattering.30 The room-temperature thermal conductivity has
been estimated to be between 15 and 60 W / �cm K� for in-
dividual CNTs.31 The second term in Eq. �27� determines the

heat removal through the substrate, which is modeled as a
contact resistance32

q̇sub � g0�T − T0� . �29�

The parameter g0 denotes the thermal coupling between the
CNT and the substrate which has been experimentally esti-
mated between 0.05 and 0.20 W/�Km� for SiO2.13,14 The lat-
tice temperature boundary conditions between CNT and
leads are set by the presence of a contact resistance

��xT�x=�L/2 =
T��L/2� − T0

Rth
�30�

with Rth	107 K /W for m-CNTs.33

D. Heat flow diagram

The coupled nonlinear integrodifferential equations for
the carrier and lattice temperatures �Eqs. �5� and �27�� re-
quire a self-consistent solution. The interplay between carrier
and phonon heat transfer �Eq. �24�� is depicted in Fig. 3,
where both forward and backward carrier populations gain
energy from the electric field. In the high-field regime, OP
population builds up �hot phonon effects� due to the en-
hanced scattering by phonon emission but because of their
small group velocity, heat removal by OPs is not significant.
Consequently, either they transfer their energy back to the

Source Drain

Substrate

Nanotube

(b)

(a)

FIG. 3. �Color online� �a� Flowchart of the heat transfer. The
power given to the system by the external field is transferred to the
forward and backward carrier populations. These populations ex-
change heat by emission/absorption processes with OP populations.
In addition OPs decay into APs, transferring heat to the lattice. �b�
Heat removal from the nanotube: by carriers �black arrows� through
the leads and by APs �white arrows� through the leads and to the
insulating substrate if present.
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carrier population in reabsorption processes or they decay
into APs, thereby heating the lattice. Energy can be removed
from the system through the leads �by both carriers and APs�
or to the substrate �by APs�, as illustrated in Fig. 3�b�. A key
factor that characterizes heat transfer is the ratio �


ep /�

pp

which determines the fraction of heat transferred from the
lattice.34,35 On the one hand if �


ep /�

pp	1, most of the energy

gained by the OP population is transferred to the APs by
instantaneous phonon decay and carried by the lattice. On
the other hand, if �


ep /�

pp�1, the energy of an OP emitted by

carrier scattering is more likely to return to the carrier popu-
lation by reabsorption rather than decay into APs. Hence,
most of the energy remains within the carrier and OP popu-
lations. However, since OPs cannot carry significant amount
of heat �because of their small group velocity�, heat is re-
moved by the electron populations through the leads. In this
case, the presence of a substrate would make no difference—
considering that �


ep or �

pp are not affected by the presence of

the substrate—because only a small fraction of heat is trans-
ferred to the lattice.

III. RESULTS

A. Low-field regime

As heating of carrier or lattice population is negligible
��T��x�−T0� , �T�x�−T0��T0� in the low-field regime, the col-
lision integrals for OP scattering have analytic expressions
�see Appendix�. Combining Eq. �4� with Eqs. �15� and �A1�,
we obtain the Matthiessen rule for the low-field resistivity

��T� =
1

gcG0

 1

�AP
ef f +

1

�OP
ef f� , �31�

where �AP
ef f and �OP

ef f are the effective AP and OP mean-free
path given by

�AP
ef f =

T0�AP,0

T
�32�

and

�OP
ef f = ��




2

vF�

ep

��
/�2kBT�
sinh���
/�2kBT��2�−1

. �33�

As shown in Fig. 4, the analytical expression in Eq. �31�
accurately describes the temperature dependence of the low-
field resistivity obtained experimentally in m-CNT.36 The set
of parameters �AP,0�800 nm, �ZB�85 fs, �OP1

�250 fs,
��ZB=0.16 eV, ��OP1

=0.20 eV, and T0=300 K are con-
sistent with experimental values found in the literature.8,9

In Fig. 5 we plot the forward carrier �solid line� and lattice
�dashed line� temperature profiles corresponding to the low-
field regime �I=0.01 �A� for 0.3- and 3-�m-long m-CNTs.
These profiles are determined for both SS and FSCNT con-
figurations, for which the thermal coupling to the substrate
are g0�1.5�10−3 W / �cm K� and 0, respectively. In the
case of symmetric boundary conditions for carrier tempera-
tures, i.e., T+�−L /2�=T−�L /2�, and lattice temperature, i.e.,
T�−L /2�=T�L /2�, the carrier temperature profiles satisfy
T+�x�=T−�−x� due to the electron-hole symmetry, thereby re-
ducing the number of differential equations. In this regime
the electric field along the channel remains constant. For
short CNTs the profiles are similar regardless of the
presence/absence of substrate with the heating in the carrier
population being more significant than in the lattice. The
forward carrier temperature increases along the tube and the
maximum is reached at the drain as a consequence of the
long mean-free path �compared to the CNT length�.37 In the
case of long m-CNTs, despite of substantial inelastic scatter-
ing that heats the AP population, the carrier temperature in-
crease is larger than that of the lattice. In particular, for
FSCNT lattice heating is comparable to that of the carriers
while in the SSCNT the lattice temperature is flattened by the
efficient heat removal through the substrate and remains
closer to the substrate temperature. The maximum lattice
temperature is located exactly at the m-CNT midlength while
the forward carrier temperature peak is shifted toward the
right lead.

T [K]

ρ
[k

Ω
/µ

m
]

50 100 150 200 250 3000

2

4

6

8

10

12

FIG. 4. �Color online� Temperature dependence of the low-field
resistivity: theory �solid line� and experiment �symbols� from
Purewal et al. �Ref. 36�.

T(x)−T0 [mK]T+(x)−T0 [mK]

FSCNT

x/L

0

0.1

0.2

−0.5 0 0.5
0

0.2

0.4

−0.5 0 0.5
x/L

SSCNT

(a) (b)

(d)(c)

L
=
0.
3

µm
L
=
3

µm

FIG. 5. �Color online� Forward carrier �solid line� and lattice
�dashed line� temperature difference to the contact temperature T0

corresponding for I=0.01 �A �low-field regime�: �a� 0.3-�m-long
SSCNT, �b� 0.3-�m-long FSCNT, �c� 3-�m-long SSCNT, and �d�
3-�m-long FSCNT.
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B. High-field regime

In Fig. 6 we display the electrical characteristics �solid
lines� corresponding to the SS and FS configurations of 0.3-
and 3-�m-long CNTs that are in excellent agreement with
experiments.9,10 The parameters used in the calculations are
��300 K�=20 W / �cm K�, g0=1.5�10−3 W / �cm K�, and
ZA�5 eV. The relaxation times have been used as fitting
parameters with values of �ZB	85 fs, �OP1

=�OP2
	200 fs,

and �

pp=1 ps, which lie within the range estimated by

experiments9,10 and theory.19 Nonlinear electrical character-
istics are obtained for all CNTs. In the high-bias regime, the
CNTs in FS configuration exhibit NDR induced by the inef-
ficient heat removal that increases scattering. However, while
in 0.3-�m-long FS and SS CNTs the current levels approach
the 20 �A limit attributed to the onset of OP emission,7 in
the 3-�m-long FSCNT the current level is substantially re-
duced �but still exhibiting NDR features�. By contrast in the
3-�m-long SSCNT, the current increases monotonically in
the bias range shown and no saturation is observed due to the
fact that the electric field is about an order of magnitude
smaller than in the 0.3-�m-long SSCNT for the same volt-
ages.

The corresponding lattice and forward carrier temperature
profiles are shown in Fig. 7. For short �0.3-�m-long�
m-CNTs, the temperature profiles in both FS and SS configu-
rations have a parabolic shape, as shown in Figs. 7�a� and
7�b�. Unlike the low-field regime �Fig. 5�, the temperature
maxima for forward carriers in the high-field regime occur at
the center of the m-CNT in both cases, in agreement with
breakdown experiments in m-CNTs.38,39 We note that for the
same channel length, the values of the carrier and lattice
temperature maxima are lower in the SSCNT than in the
FSCNT as heat is removed by the substrate. In SSCNTs, the
reduced temperature lowers scattering rates and consequently
higher current levels are achieved compared to their FS
counterparts. By contrast, in 3-�m-long SSCNTs the effi-
cient heat removal through the substrate flattens the tempera-
ture profiles as depicted in Fig. 7�c�, as observed recently.18

Because of the electron-hole symmetry �T+�x�=T−�−x�� for-
ward and backward carrier temperatures are equal to one
another in the channel but are different in the regions close to
the contacts. However due to the effective heat transfer to the

substrate, carrier populations are not locally in thermal equi-
librium with the lattice. For the 3-�m-long FSCNT �Fig.
7�d��, carrier and lattice temperature profiles have a parabolic
shape and markedly higher values due to limited heat re-
moval, which enhances carrier scattering and phonon decays.
The current level reduction as well as the near thermal equi-
librium between carrier and phonon populations indicate that
transport approaches the diffusive regime limit.40

C. Heat flow

In Fig. 8 we simultaneously display the local heat produc-
tion given by Joule’s law �Eq. �24�� and the fraction of the
local heat carried by electrons �q̇el in Eq. �25��, APs �q̇ap in
Eq. �28��, and substrate �q̇sub in Eq. �29�� for the IV charac-
teristics shown in Fig. 6. For illustrative purposes, the pro-
files have been normalized to the maximum power per unit
length across the channel for Vds=1 V. Since the current
remains constant along the channel the q̇ profile is propor-
tional to the electric field profile and presents a peak at the
middle of the m-CNT. Despite significant carrier heating
�right column of Fig. 7�, the fraction of heat carried by elec-
trons �second column in Fig. 8� is small ��10%� compared
to the total heat produced locally for all cases shown. Indeed,
most of the heat is removed by APs �lattice� and/or the sub-
strate �in the SS configuration�, as depicted in the third and
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FIG. 6. �Color online� IV characteristics of 0.3- and 3-�m-long
CNTs in both SS and FS configurations. Symbols correspond to
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�Ref. 10� ���.
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fourth columns of Fig. 8. For 0.3-�m-long CNTs, the heat
production profiles in the SS and FS configurations look
alike regardless of the different heat removal mechanisms, as
shown in Figs. 8�a� and 8�b�. In contrast for 3-�m-long
m-CNTs, the field is uniform in the SS configuration �devia-
tions are less 10% for biases shown�, whereas it is highly
inhomogeneous with its peak value at the CNT midlength in
the FS configuration. We notice that, in sufficiently long
SSCNTs where the substrate flattens the temperature profile,
the local-field value does not depend on the boundary con-
ditions. In this case, an approximate solution can be obtained
by solving for the values of carrier and lattice temperatures
such that their corresponding temperature gradients vanish in
the coupled differential equations �Eqs. �4�, �5�, and �27��.
This self-consistent analysis of the thermal flow shows that
the carrier contribution to heat transport in m-CNTs with
L�300 nm can be neglected and, therefore, validates the
usual approximation10,23 q̇lat� IF.

We point out that recent works41,42 have suggested the
existence of surface polariton scattering in the SS configura-
tion. This scattering mechanism would indeed modify the
heat transport scheme �Fig. 3� by adding a new carrier-
substrate channel to heat removal �without the mediation of
APs�, which could be accounted for by including an addi-
tional term on the left-hand side of Eq. �24�. Our model has

also neglected any effect of the substrate on the p-p decay
rates and further channel of heat removal from CNT OP
populations directly to the substrate. The strength of these
mechanisms, which decay with the CNT-substrate distance
and possibly varies with gate bias, remains an open question.

D. Hot phonons

By solving Eq. �21� self-consistently with the carrier and
lattice temperature profiles for a particular voltage we com-
pute the OP occupation number N
�q� and determine the
equivalent of the temperature of the 
-phonon mode T
�q� as

T
�q� =
��


kB log�1 +
1

N
�q��
. �34�

In Fig. 9, we plot the lattice temperature profile T�x� �narrow
surface plot�, the temperature TZB�q ,x� corresponding to the
ZB phonon mode and the difference between the phonon
mode temperature and the local temperature profile, i.e.,
�TZB�q ,x�=TZB�q ,x�−T�x� for Vds values 0.2, 0.4, and 1 V
in the 3-�m-long CNTs for which we have previously com-
puted the electrical characteristics and corresponding tem-
perature profiles �Figs. 6 and 7�. On the one hand we observe
that the phonon temperature profile in SSCNT is uniform
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along the x direction �except for the regions close to the
leads� because of the constant carrier and lattice temperature
profiles as displayed in Fig. 9�a�. For Vds=1 V, the high
current levels �i.e., large quasi-Fermi-level separation� favor
scattering by OP emission43 and a nonequilibrium OP popu-
lation builds up �due to nonzero �


pp�. On the other hand, the
OP equivalent temperature profiles in the 3-�m-long FSCNT
are not uniform reaching peak values close to 1000 K for
Vds=1 V. Nonetheless, in the FS configuration the devia-
tions �TZB are smaller than in the SS one, as shown �in
different color scales� at the bottom of Figs. 9�a� and 9�b�,
respectively. The high lattice temperature achieved in
FSCNTs increases both emission and absorption scattering
rates, thereby damping �nonequilibrium� hot phonon effects
as carrier and phonon populations reach local thermal equi-
librium �T��x��T�x��TOP�x��.

If the voltage-dependent resistance reads R�V�=R0
+K�V� with an exponent ��1, no NDR is observed as in
SSCNTs, despite the emergence of hot phonon populations.
Otherwise, in FSCNTs, our model shows that the cause for
NDR in high bias is the existence of electric field inhomo-
geneities along the heated CNT,43 as qualitatively anticipated
by Conwell44 and which can be explained as follows. As
expressed in Eq. �4�, the electric field depends on carrier

scattering through the collision integral. The �local� variation
in the collision integrals �Eqs. �9� and �10�� is due to two
different effects: increase in quasi-Fermi-level separation and
increase in the scattering rates with applied bias. The former
is dominant in the low-bias regime as scattering rates remain
constant. The high-bias regime favors inelastic collisions,
which due to the absence of substrate raises both the lattice
and carrier temperatures, thereby enhancing the scattering
rates, particularly close to the CNT midlength. However, due
to the reduction in the thermal conductivity with rising lattice
temperature, the local field at the center of the FSCNTs in-
creases rapidly and ��1 in the expression of the voltage-
dependent resistance. Hence under high bias the nonuniform
thermal profiles in FSCNTs, depicted in Fig. 7�d�, induce
local electric field inhomogeneities along the CNT shown in
Fig. 8�d�.45

E. Electrical power vs length

Electrical breakdown by oxidation in CNTs has been es-
timated to occur at around 1000 K.46,47 In Fig. 10 we display
the electrical powers P�1000 K� �solid line� and
P+�1000 K� �dashed line� as a function of the CNT length
for various values of the thermal coupling to the substrate g0.
The parameters P�1000 K� and P+�1000 K� correspond to
the electrical power �P= IV� dissipated along the CNT when
the maximum lattice temperature and maximum carrier tem-
perature reach 1000 K, respectively. For the FSCNT �g0
=0�, both electrical powers are determined from the self-
consistent solution of the BTE and heat equation. For SS-
CNTs �g0�0�, we compute the power as P= I�IRc+FL� by
assuming that the electric field is homogeneous along the
conductor �vanishing thermal gradients� and solving for the
values of electric field and currents as described in Sec. III C.
In the former case, i.e., g0=0 ���, P�1000 K�, and
P+�1000 K� are approximately equal �both curves are indis-
tinguishable when L�1 �m� and scale inversely propor-
tional to the length. In contrast the dissipated powers in
SSCNTs increase linearly with length for sufficiently long
m-CNTs, when the voltage drop at the contacts is smaller
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than that along the channel. Similar trends have been re-
ported experimentally in the electrical breakdown of multi-
walled CNTs in both FS and SS configurations.39 We point
out that at a fixed length P+�1000 K� and P�1000 K� in-
crease with the substrate coupling. Additionally, the differ-
ence P�1000 K�− P+�1000 K� widens by the enhancement
of g0 indicating more prominent hot-electron effects as car-
rier populations reach the 1000 K temperature at lower
power values than the lattice.

IV. CONCLUSIONS

A model for electrothermal transport in 1D metallic sys-
tems in the high-temperature �incoherent� regime has been
presented. We use the BTE formalism to describe the inter-
dependent e-p dynamics in high field. By accounting for the
emergence of carrier and phonon populations out of equilib-
rium we quantify the heat production and dissipation by each
of these populations depending on the experimental configu-
ration. The phonon decay rate is the bottleneck that regulates
heat exchange between carriers and lattice. Our model shows
remarkable agreement with high-field transport experiments
and offers a qualitative interpretation of breakdown experi-
ments in multiwalled CNTs. We attribute the emergence of
NDR observed in suspended CNTs to the inhomogeneous
electric field and self-heating in the high-field regime.
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APPENDIX: ANALYTICAL EXPRESSIONS
FOR THE COLLISION INTEGRALS

For carriers in different branches in thermal equilibrium
�i.e., T+=T−�Tel� and when hot phonon effects are neglected
�i.e., �ep	�


pp or low current level�, analytical expressions
for the zeroth and first moments of the collision integral
�Eq. �6�� and the OP decay into APs �Eq. �26�� can be ob-
tained:

F 0,�

 = �

gc
2kBTel

��vF�

ep 
�Neq + 1��G��+� − G��−��

+ Neq�G�− �−� − G�− �+��� , �A1�

F 1,�

 = −

gc
2��
kBTel

2��vF�

ep 
�Neq + 1��G��+� + G��−��

− Neq�G�− �−� + G�− �+��� , �A2�

q̇lat,
 =
gc

2��
kBTel

2��vF�

ep 
�Neq + 1��G��+� + G��−��

− Neq�G�− �−� + G�− �+��� , �A3�

where we define G�x�= x
exp�x�−1 and ��=

��
���+−�−�
kBTel

. The ex-
pressions are valid in the low-bias regime, where heating in
the carrier population and lattice can be neglected. In addi-
tion, the omission of hot phonon effects is valid approxima-
tion for the long FSCNTs because the minor thermal imbal-
ance between OP and AP �lattice� populations.

*mkuroda@illinois.edu
†jleburto@illinois.edu

1 S. Iijima, Nature �London� 354, 56 �1991�.
2 M. S. Dresselhaus, G. Dresselhaus, and P. Avouris, Carbon

Nanotubes: Synthesis, Structure, Properties and Applications
�Springer-Verlag, Berlin, 2001�.

3 R. H. Baughman, A. A. Zakhidov, and W. A. de Heer, Science
297, 787 �2002�.

4 R. Saito, M. Fujita, G. Dresselhaus, and M. S. Dresselhaus,
Appl. Phys. Lett. 60, 2204 �1992�.

5 P. McEuen, M. Fuhrer, and H. Park, IEEE Trans. Nanotechnol.
1, 78 �2002�.

6 F. Kreupl, A. P. Graham, G. S. Duesberg, W. Steinhögl, M. Lie-
bau, E. Unger, and W. Hönlein, Microelectron. Eng. 64, 399
�2002�.

7 Z. Yao, C. L. Kane, and C. Dekker, Phys. Rev. Lett. 84, 2941
�2000�.

8 J.-Y. Park, S. Rosenblatt, Y. Yaish, V. Sazonova, H. Ustunel, S.
Braig, T. Arias, P. Brouwer, and P. McEuen, Nano Lett. 4, 517
�2004�.

9 A. Javey, J. Guo, M. Paulsson, Q. Wang, D. Mann, M. Lund-
strom, and H. Dai, Phys. Rev. Lett. 92, 106804 �2004�.

10 E. Pop, D. Mann, J. Cao, Q. Wang, K. Goodson, and H. Dai,
Phys. Rev. Lett. 95, 155505 �2005�.

11 P. Sundqvist, F. J. Garcia-Vidal, F. Flores, M. Moreno-Moreno,
C. Gomez-Navarro, J. S. Bunch, and J. Gomez-Herrero, Nano
Lett. 7, 2568 �2007�.

12 M. Lazzeri and F. Mauri, Phys. Rev. B 73, 165419 �2006�.
13 H. Maune, H.-Y. Chiu, and M. Bockrath, Appl. Phys. Lett. 89,

013109 �2006�.
14 E. Pop, D. A. Mann, K. E. Goodson, and H. Dai, J. Appl. Phys.

101, 093710 �2007�.
15 I.-K. Hsu, R. Kumar, A. Bushmaker, S. B. Cronin, M. T. Pettes,

L. Shi, T. Brintlinger, M. S. Fuhrer, and J. Cumings, Appl. Phys.
Lett. 92, 063119 �2008�.

16 C. T. Avedisian, R. E. Cavicchi, P. M. McEuen, X. Zhou, W. S.
Hurst, and J. T. Hodges, Appl. Phys. Lett. 93, 252108 �2008�.

17 V. V. Deshpande, S. Hsieh, A. W. Bushmaker, M. Bockrath, and
S. B. Cronin, Phys. Rev. Lett. 102, 105501 �2009�.

18 L. Shi, J. Zhou, P. Kim, A. Bachtold, A. Majumdar, and P. L.
McEuen, J. Appl. Phys. 105, 104306 �2009�.

19 M. Lazzeri, S. Piscanec, F. Mauri, A. C. Ferrari, and J. Robert-
son, Phys. Rev. Lett. 95, 236802 �2005�.

20 M. Oron-Carl and R. Krupke, Phys. Rev. Lett. 100, 127401

HIGH-FIELD ELECTROTHERMAL TRANSPORT IN… PHYSICAL REVIEW B 80, 165417 �2009�

165417-9



�2008�.
21 G. Pennington, S. J. Kilpatrick, and A. E. Wickenden, Appl.

Phys. Lett. 93, 093110 �2008�.
22 D. Song, F. Wang, G. Dukovic, M. Zheng, E. D. Semke, L. E.

Brus, and T. F. Heinz, Phys. Rev. Lett. 100, 225503 �2008�.
23 M. A. Kuroda, A. Cangellaris, and J.-P. Leburton, Phys. Rev.

Lett. 95, 266803 �2005�.
24 C. Auer, F. Schurrer, and C. Ertler, Phys. Rev. B 74, 165409

�2006�.
25 M. A. Kuroda and J.-P. Leburton, Phys. Rev. Lett. 101, 256805

�2008�.
26 The effect of the substrate, disorder, and doping may preclude

the observation of the gap at the neutrality point. For example,
gaps have been observed in C. Zhou, J. Kong, and H. Dai, Phys.
Rev. Lett. 84, 5604 �2000�; whereas it has not been reported by
T. Dürkop, B. M. Kim, and M. S. Fuhrer, J. Phys.: Condens.
Matter 16, R553 �2004�, or A. Liao, Y. Zhao, and E. Pop, Phys.
Rev. Lett. 101, 256804 �2008�.

27 Y. Imry, Introduction to Mesoscopic Physics �Oxford University
Press, Oxford, 2002�.

28 K. Kang, T. Ozel, D. G. Cahill, and M. Shim, Nano Lett. 8, 4642
�2008�.

29 A. W. Bushmaker, V. V. Deshpande, M. W. Bockrath, and S. B.
Cronin, Nano Lett. 7, 3618 �2007�.

30 M. A. Osman and D. Srivastava, Nanotechnology 12, 21 �2001�.
31 J. Hone, M. Whitney, C. Piskoti, and A. Zettl, Phys. Rev. B 59,

R2514 �1999�.
32 C. Durkan, M. A. Schneider, and M. E. Welland, J. Appl. Phys.

86, 1280 �1999�.

33 E. Pop, Nanotechnology 19, 295202 �2008�.
34 M. Steiner, M. Freitag, V. Perebeinos, J. C. Tsang, J. P. Small, M.

Kinoshita, D. Yuan, J. Liu, and P. Avouris, Nat. Nanotechnol. 4,
320 �2009�.

35 N. Vandecasteele, M. Lazzeri, and F. Mauri, Phys. Rev. Lett.
102, 196801 �2009�.

36 M. S. Purewal, B. H. Hong, A. Ravi, B. Chandra, J. Hone, and P.
Kim, Phys. Rev. Lett. 98, 186808 �2007�.

37 M. Kuroda and J.-P. Leburton, arXiv:0903.2504 �unpublished�.
38 P. G. Collins, M. S. Arnold, and P. Avouris, Science 292, 706

�2001�.
39 H.-Y. Chiu, V. V. Deshpande, H. W. C. Postma, C. N. Lau, C.

Miko, L. Forro, and M. Bockrath, Phys. Rev. Lett. 95, 226101
�2005�.

40 K. E. Nagaev, Phys. Rev. B 52, 4740 �1995�.
41 V. Perebeinos, S. V. Rotkin, A. G. Petrov, and P. Avouris, Nano

Lett. 9, 312 �2009�.
42 S. V. Rotkin, V. Perebeinos, A. G. Petrov, and P. Avouris, Nano

Lett. 9, 1850 �2009�.
43 M. A. Kuroda and J.-P. Leburton, Appl. Phys. Lett. 89, 103102

�2006�.
44 E. M. Conwell, Nano Lett. 8, 1253 �2008�.
45 For a fixed bias Vds, the local heat dissipation q̇�x��F�x� as the

current I remains constant along the channel �Eq. �24��.
46 M. Radosavljević, J. Lefebvre, and A. T. Johnson, Phys. Rev. B

64, 241307�R� �2001�.
47 F. Cataldo, Fullerenes, Nanotubes, Carbon Nanostruct. 10, 293

�2002�.

MARCELO A. KURODA AND JEAN-PIERRE LEBURTON PHYSICAL REVIEW B 80, 165417 �2009�

165417-10


